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Abstract

A transfer matrix for shafts coupler with parallel misalignment (offset) was derived. The responses of a rotor system
composed of flexible shafts, unbalanced disks, elastic supports and shafts coupler with misalignment were then investi-
gated. Through the derivation, the boundary shears induced by a rotating shaft were first discovered to be coupled in
two perpendicular directions. These coupling shears might reduce the first critical speed up to 50% in the free-free case.
The studies showed that the shafts coupler altered the rotor’s critical speeds and the misalignment played as an external
load resulting through the whole driven shaft. The combined effects of disk unbalance and shaft misalignment showed
that the misalignment predominated the response in most of the rotation speeds, but the unbalance could become sig-
nificant at high speed. The whirling orbits before and after the misalignment were illustrated as well, and numerical
results showed that the two ends of the misalignment whirled asynchronously as the rotation fell into some regions.
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1. Introduction

Rotors have been extensively used in mechanical
engineering, and for over a century the dynamic be-
havior of rotors has been an interest for study. With
the high speed demand of today’s machinery, the
studies of rotors become more important than ever.
Approaches to dynamic analysis of rotor systems may
be divided into two main streams: the finite element
method (FEM) [1-3] and the transfer matrix method
(TMM) [4]. The advantage of TMM is that the matrix
dimension does not increase with the number of ele-
ments, and instead it is replaced by more matrices
multiplications.

As to the existing literature related to TMM, Prohl
[5] employed the transfer matrix method for dynamic
analysis of rotor systems. Lund and Orcutt [6] estab-
lished the transfer matrix of a shaft in a continuous
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fashion rather than discrete but neglected both rotary
inertia and gyroscopic effects. Lund [7] considered
the internal hysteretic shaft damping and destabilizing
aerodynamic forces to calculate the damped natural
frequencies of a general flexible rotor supported in
fluid-film journal bearing. Chao and Huang [8] intro-
duced the modified transfer matrix extended from
Myklestad’s transfer matrix in which the Euler beam
and rigid disk were the fundamental elements and
obtained more precise natural frequencies and shapes.
Many researchers [9-11] continuously improved
TMM, such as developing oil-film bearing matrix,
including rotary inertia, gyroscopic effects of disks.
Yet, to the authors’ knowledge, none of them in-
cluded the commonly seen case of shaft misalignment
in TMM. The authors hence intend to develop the
transfer matrix for a shaft coupler with a parallel off-
set. Concerning the studies of shaft misalignment,
Dewell and Mitchell [12] experimentally studied
parallel and angular misalignment of a metallic-disk-
type coupling. They used the real time analyzer and
verified that the frequencies of all the integer multi-
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ples of rotational speed appeared due to misalignment.
They also suggested the 2x and 4x components be
used for misalignment diagnosis. Xu and Marangoni
adopted a universal joint for misalignment and em-
ployed the component mode synthesis to analytically
[13] study and experimentally [14] validate the calcu-
lations. In their model, the misalignment effects were
represented by an additional bending moment of even
multiple frequencies of rotation speed. They con-
cluded that the unbalance and misalignment could be
characterized by 1x and 2x component, respectively.
Sekhar and Prabhu [15] used higher order finite ele-
ment to study a misaligned rotor-bearing system. In
their model, the misalignment effect was replaced by
the generated forces and moments on the shaft, and
they obtained similar conclusions as [13]. They also
concluded that the misalignment had little effect on
the critical speeds of a rotor-bearing-coupling system.
Lee and Lee [16] employed FEM for a misaligned
rotor-bearing system. In their studies, angular, parallel,
and combined effects were discussed extensively with
shown whirling orbits. In that paper, a shaft coupler
was not yet included such that they concluded the
whirling orbits tended not to change for parallel mis-
alignment. Al-Hussain and Redmond [17] analyti-
cally derived the equations of two Jeffcott rotors with
rigid coupling of parallel misalignment. In their con-
clusions, they did not obtain the 2Xx component de-
scribed by the others. Al-Hussain [18] further ex-
tended the work to the stability analysis.

The authors here derive the lateral transfer matrix
for rotor-bearing system with a flexible coupler and a
parallel offset. To form a complete TMM, the transfer
matrices for a rotating shaft, an unbalanced disk, an
oil-film bearing, and an elastic coupler are briefly
described as well. Examples are demonstrated via the
developed method. It comes out that the coupler stiff-
ness affects the rotor’s critical speeds, but the mis-
alignment plays as an excitation similar to unbalance
except it affects through the whole driven shaft. The
whirling orbits are investigated as well. The results
showed that the two ends of a misalignment may
whirl asynchronously as rotation falls into some re-
gions.

2. Transfer matrices

A rotor system containing shafts, disks, bearing
supports and a parallel offset coupler is shown sche-
matically in Fig. 1(a). A transfer matrix method for

(b)

Fig. 1. Schematic diagram of a misaligned rotor: (a) Model of
parallel misalignment. (b) Displacement of misalignment.

the offset coupler, Fig. 1(b), and for a general rotor
consisting of rotating shafts, unbalanced disks, and
bearing supports is derived.

2.1 Transfer matrix of a rotating shaft

A rotating shaft with coordinates and displacements
convention is shown in Fig. 2. Let (v,w) and (6,0 )
be the transverse and rotational displacements in Y
and Z direction and based on Euler’s assumption,

ow(X,1)

=-0(X,t)
oo M
'V
—— = =¢(X,t
AR
The kinetic energy of a rotating shaft is
_ I ) .2 1 2
T _EL(V +0 )pAdX+EJ.OI“Q pdX
+ %j;lu(éz + Q% — 2Q40)pdX Q)

+ % | 0’1”(92 + O +2Q40)pdX
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Fig. 2. Coordinate and displacement convention of a rotating
shaft.

where o , the density of shaft ; /, the length ; 4, the
cross-section area ; /,,, the polar moment of inertia ;

1

\v» L, the transverse moment of inertia ; 0, ¢ , the
angular velocity in Y and Z direction, respectively.
The subscript “s”, stands for shaft. Note that the shaft
is assumed to be of Rayleigh’s type, i.e., including
shaft’s rotary inertia. The elastic energy due to bend-

ing deformation is

v, *w
+EI
3)(2] ”’[ﬁXz

| )
U, =] ELI I'}ax 3)

where £ is Young’s modulus. The work imposed by
the boundary forces and moments is

W:

s

(VI —Viwh = MO" — Mgty

4
VIV VW + MO + M p") @

With the extended Hamilton’s principle, the equations
of motion and the boundary equations are obtained as

EI V"

+p[AV =1V = QL + I W +Q y']=0
EI w"

+olAw—1 W + QU + I )W +Q 1 w1=0

®)

and

V, +Elv"—pl ¥
. . . Ov=0
[-0Q(1, + I )W+ pQ7 V]
V, + EL wW'—pl i’
[

+OQUL, + 1)V + pQ* L, W
M, +EI '} 6w =0
{ M,—EIl.W}8/=0

]} ow=0 (6)

Note that Eq. (6) reveals a phenomenon that bound-
ary shears couple with displacements in two per-
pendicular directions, as underlined, due to the oc-
currence of rotation, unlike a non-rotating shaft.
The coupling terms could be significant at very
high rotational speed as to be shown. The solutions
to Eq. (5) are of the forms:

w(X,t) =v(x) coswrt

(X ,1)=¢p(x) coswt

M, (X,t)=M,(x) coswt
V,(X,t)=V,(x) coswt

. @)
v(X,1) =v(x) sinwt
AX,1)=@(x) sinwt
M ,(X,t)=M ,(x)sinwt
V,(X,t) =V, (x)sinwt
or
v(X,t)=v(x) sinwt
AX,t) = @(x) sinwt
M, (X,t)=M ,(x) sinawt
V,(X,t)=V,(x) sinwt ®

v(X,t) =v(x) coswt
(X ,1) = @(x) coswt

M, (X,t)=M ,(x)coswt
V.(X,t)=V,(x)coswt

Substitute Eq. (7) or (8) into Eq. (5) and separate
the time and space variables. An eigenvalue prob-
lem is yielded as

©

Vi ay —a,w —ay=0
W +bw —by —bw=0

with the boundary conditions,
V,/EI_+V"+ay —a,w =0 or Sv=0
V,1EIl +W =bw —bw =0 or ow=0
M, +ElY'=0 or 6w=0
M,—EIl.wW'=0 or &'=0

(10)

where

Y- P’ +Q ) b = (@], +Q°1 )

: EI EI,

i, +1,) |, _pQed, +1,)
a, = =
2 EI ’ EI

= w
_ pAa’ PAD’
“TE D=

El

w

(1D
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Egs. (9, 10) present a standard eigenvalue problem
with the eigenvalue (@) appearing in both the
interior and the boundary equations. The general
solutions to Eq. (9) are of the following forms:

v(x) = ¢ cosh fx
+ ¢, sinh Bx + ¢, cos B,x + ¢, sin Bx

(12)
w(x) = ¢ cosh Bx
+ ¢, sinh Bx + ¢, cos f,x + ¢ sin B,x
with
\/ (a,—b,) +4a, —(a,—b,)
\/ (a,—b,)" +4a, +(a,—b,)
(13)
\/«/(b a)+4b —(b -

ﬁ =\/\j(b1 _az)+4b3 +(b1 _az)

2

in which ¢;,c,,...,cg are unknown coefficients to be
determined from the boundary equations.

Fig. 3 illustrates how the coupling shears affect the
shaft’s natural frequencies with rotational speed,
where w, =w,/0,, Q" =Q/w, and w,is the rotat-
ing shaft’s n" natural frequency and e, is the shaft’s
first flexural natural frequency at Q=0. The free-
free case exhibits very significant coupling effects. In
these figures, both forward and backward frequencies
are illustrated. Note that the coupled solutions have
lower natural frequencies. That means the real shaft’s
critical speeds may be lower than those without cou-
pling shears being taken into account, e.g., around

(b) (c)

Fig. 3. Natural frequencies of a rotating shaft with different boundary. (a) free-free. (b) simple-free. (¢) sliding-free.

<> Backward modes

— o - acoupled

50% for free-free case and 30% difference for pin-
free case.

For rotor dynamics, whirl speed (@) is equal to
the rotational speed (Q) as far as the steady re-
sponse is concerned. Egs. (7, 8) are hence rewritten
as
V(X,t) =v,(x)cosQt + v, (x)sin Qf
P(X,t) =¢.(x)cosQr + ¢ (x)sin Qt
M, (X,t)=M, (x)cosQt + M, (x)sin Q¢
V,(X,t) =V, (x)cosQt +V, (x)sin Q¢
w(X,1) = w,(x)sin Q¢ + w,(x)cos Qt
O(X,t)=6.(x)sin Qs + 6, (x)cos Qt
M, (X,t)=M, (x)sin Qs+ M, (x)cosQt
V,(X,t)=V,(x)sinQt+V, (x)cosQt

(14

The state vector of a rotating Rayleigh shaft can be
represented as

{Sp={{s} {8, 1Y (15)

where {S} isa 17 x 1 state vector

{{Sl}:{vr: o.M, V, w 6 M, st}

(16)
{Sz}z{vs ¢s Mz VYv W, HL Mn Va}

The transfer matrix of a rotating shaft becomes

[T]es [0l {0}
[T =| 0lss  [Tles {0} (17)
0}, {0}, 1

where [7,] is the transfer matrix of state vector
{S}" and {S,}* ; [T.] is that of state vector

s
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{S,}*and {S,}". Superscripts R and L represent the

right and left states, respectively. The elements of

[7.] and [ﬁ] are given in the Appendix.

2.2 Transfer matrix of an unbalanced disk

Each unbalanced disk is equivalent to an unbal-
anced mass m, with an eccentricity », and an unbal-
anced angle a,. The kinetic energy of the unbalanced
disk is

r ., .
T, =Em(v2 +3i7)

+%1Z(¢}Z +Q%0* —2Q.40)

+%1{ Q7+ %1},(92 + Q29 +2Q69)

x

(18)
+%me[\'}2 +W +77Q7 = 2 Qvsin(Qr + a,)]
+%me[2re£2vvcos(£2t +a,)]

where v ,w are the angular velocity of disk in Y
and Z direction, respectively. Because the disk is
considered to be rigid here, therefore,

U,=0 (19)

The work imposed by the boundary forces and
moments is

W,=(VE=VIw+WV}-vVw

(20)
+(M =M)O+ (M - M))p

Equations of motion of the unbalanced disk are

ME=M}+10+1Q¢
L 1)
MF=M'+1§-1Q6
VE=V!+(m+m)i—mrQ cosar, cosQt
+m, Q% sin ¢z, sin Qt
(22)

Vi =V} +(m+m,)w—mrQ’ sina, cosQt

—m 1L’ cos &, sin Q1

Substituting Eq. (14) into Egs. (21,22) and separating
the time and space variables, the transfer matrix of an
unbalanced disk becomes

(7 ]es [0l {0} s
[T;d]nx” =| [0y [zi**]gxs Uy} g (23)
{0} {0} 1

where

000 —mrQcosa, |
{ul} :{ }

000 —mrQicose,
. 24

000 —-mrQ'sing,
{ 2} :{

000 —-mrQ'sing,

The elements of [7,] are given in the Appendix.
[T,], [T,"] are the same as [T,]except the follow-
ing elements:

{Td*;,e = T;:,z = _]:3,6 = _]:17,2 = ngz

o e e . (25)
TdA,l = ]:18,5 = ]:14,1 = 7:18,5 = _(m + me)gz

2.3 Transfer matrix of an oil-filmed bearing

Bearing support is an essential component in rotor
systems. The springs and damping effects of a bear-
ing have significant influence on dynamic characteris-
tics. Assume an oil-filmed bearing to be of springs
and damping including cross-coupling terms. One can
obtain the governing equation of oil-filmed bearing
[19]:

{Mg =ML +kyp+k,,0+Cod+Cof 26)
M} =M} +k,0+k,p+C,0+C,0
Vi=Vi+kv+k w+C yv+C w 27
Vi=V;+k wtkyv+C w+Cy

Similarly, substituting Eq. (14) into Egs. (26, 27)
and separating the time and space variables, the trans-
fer matrix of an oil-filmed bearing is obtained as

[T;vl]xxﬁ [Y;Z]KXX {O}SXI
[T )0y =| Tdss [Tades {0}, (28)
00 00 1

where [7,] entries are shown in the Appendix .

2.4 Transfer matrix of a parallel misalignment

Two shafts connected through a coupler are fre-
quently seen in a long rotor system. A coupler pro-
vides some elastic connection between shafts. Yet,
the coupler may also cause misalignment to some
extent if it is not well adjusted. There can be identi-
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fied two types of shaft misalignment: parallel offset
and angular offset. In the present studies, a coupler is
modeled as a linear spring combined with a bending
spring. Between two shaft axes, there is a parallel
offset as shown in Fig. 1(a). We here intend to derive
the corresponding transfer matrix of that parallel off-
set. The initial (static) offset prior to rotation is as-
sumed to be e and it will displace in the Y - Z plane
during rotation due to coupler flexibility, as illustrated
in Fig. 1(b). According to the equilibrium relations,
we derive the misalignment transfer matrix in the
following:

T A
V=V + L te-sin(Qr+y,) (29)
K,
R L 1 L
gLy 30
¢ ¢ KE z ( )
W :WL_L_e.COS(QHm (€2}
K,
aR:e‘—%'Mf G2

B

The moments, shear forces are continuous, i.c.,
Mt=M", V®=V". K, and K, are linear and
bending stiffness of the coupler. ¢ =Qr+y,, ¥, is
a phase angle relative to the rotor’s reference. Note
that the torsional vibration is not considered so that
¢, =Qt+y, is retained all the time. r = e+, is
dynamic offset, ¢, is the deflection of linear spring.
Substituting Eq. (14) into Egs. (29-32), the transfer
matrix of misalignment yields to be

{s}Y =[m]{s} +{c} 33)

M), M), {
[M]=|[M.], [M.], |
1

4 ]8><8

{0}

is the defined coupler transfer matrix, and

0,
O}, (4
1

{Chy =HGHGH Y (35)

the defined misalignment vector with

{C)={ esiny, 000 esiny, 0 0 0}
(36)
{C,}={ ecosy, 000 —ecosy, 00 0}

[M] entries are shown in the Appendix .

Eq. (33) is for the first time derived, the transfer
matrix of a coupler with parallel misalignment. [M]
similar to the others, is the transfer matrix that links
the left and right states of a coupler, and {C} is
the misalignment vector that is likened to an excit-
ing force in an unbalanced rotor. It will be seen that
after multiplication to its right matrices, all compo-
nents to the right of the misalignment contribute to
the excitation. That means the driven parts behind
the misalignment act as a whole in the excitation to
the rotor. If there is no misalignment (e=0), {C}
vanishes and Eq. (33) simply represents a transfer
relation of a coupler.

2.5 Total transfer matrix and response analysis

Assume a typical misaligned rotor system as shown
in Fig. 4, where there is a misaligned coupler between
the X" and k+1" elements. The overall transfer matrix
containing disk unbalance and shaft misalignment is
derived to be

{S} =[T1S} +[T71{C} 37)

where {S}' represents the left state of unit 1,
{S}" is the right state of unit n, and

{[ r=1107), - [T)aMITLIT ), - [TLIT], (39)

[(T"1=[T1, [T],.[T], (7],

Note that [7'], denotes the " element transfer matrix,
which could be shaft, bearing, or disk. [7"]is the
overall transfer matrix yielded by the multiplication
of all transfer matrices and [7"]is the multiplication
of the transfer matrices to the right of misalignment,
i.e., from k+1 to n.

Substituting the boundary conditions into Eq. (37),
a9 x 9 matrix will yield

Fig. 4. Schematic diagram of a misaligned rotor in transfer
matrix method.
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0k | [T T {uh |[S70E
1 {O}IXS 1 1
e ) 69)
{O}lx4 o
with the condensed misalignment vector

ecosy, ,ecosy,} "

{C'},, ={—esiny, ,—esiny, ,— g
(40)

e

where elements of [T“],{u} and [m] are the
degeneration of [7"]and [7"]matrices. The entries of
the above matrices depend on different boundary
conditions, as summarized in Table 1. Furthermore,
simplifying the above equation and rearranging, one
can write it as

|:[ T“]’XXS {u}M:H{ S/}éd}={_[m]xx4.{c’}4xl} (41)
O, 1l 1 1

or
[Tu]/sxsX{S,};xl =_{u}8><] _[m]8x4'{c,}4x1 (42)

unbalanced response analysis. If the coupler stiffness
K3 and K; approach infinity, [M] matrix becomes an
identity matrix, representing a rigid coupler.

3. Numerical results

In the following, examples that demonstrate the in-
fluence of coupler and misalignment via the devel-
oped transfer matrix method are illustrated. The rotor
system, as illustrated in Fig. 5, consists of three bear-
ings, four rigid disks, and seven-section flexible shaft.
The flexibility modulus is,£=20.69 X 10"°N/m’, den-
sityp=8193.0kg/m’, and the three bearings are of the
same constants in Y and Z direction ( K,,= K..=1.75
% 10°N-m). Detailed dimensions of disks and shafts
are shown in Table 2.

To begin with, we first look into the influence of
the coupler stiffness on the rotor’s forward critical
speeds. Fig. 6 shows the first three critical speeds as
functions of the coupler stiffness K;. The results show

Table 2. Material and geometric parameters of illustrated
example.

There are two effects in Eq. (42). On the right side, Disk No. Polar Inertia | Diameteral Inertia
the first term is the unbalanced excitation and the 1 11.38 19.53 9.82
second term is the misalignment excitation. Provided 5 7.88 16.7 835
the misalignment is zero (e = 0), Eq. (42) yields an 7 770 17.61 3.80

. , 12 21.70 44.48 22.24
Table 1. Entries of [7"] ,{u},and [m]. -
Shaft No. | Length (cm) Radius (cm)
columns of [T“] | . , 2 8.89
leftb.c " right b.c rows of [T"
from [T"] £ 7] 4 1.6

Free | 12,569,10,13,14 | Free |3.4,7.8,11,12,15,16 6 968 Outer Radius = 2.950cm

Simple |2.4,6,8,10,12,14,16 | Simple | 1,3,5,7,9,11,13,15 8 7.52 Inner Radius = 1.680cm
Clamped | 3,4,7,8,11,12,15,16 | Clamped | 1,2,5,6,9,10,13,14 10 5.60

Sliding | 1,3,5,7,9,11,13,15 | Sliding | 2,4,6,8,10,12,14,16 11 5.60

columns of {u} 13 7.52

leftb.c |from [7"] (unbal-| rightb.c rows of {u}

ance )

Free 17 Free |34,7.8,11,12,15,16 _ _ _

Simple 17 Simple | 1,3,5,7,9,11,13,15
Clamped 17 Clamped | 1,2,5,6,9,10,13,14 12

Sliding 17 Sliding | 2,4,6,8,10,12,14,16 2 Fiy 6 178 |9 []

columns of {m} o

leftb.c | from [7”] (mis- | rightbc | rowsof [m] L4

alignment ) | | | | | |

Free 1,5,9,13 Free 3,4,7,8,11,12,15,16

Simpl 1,5,9,13 Simpl 1,3,5,7,9,11,13,15

1mp'e 1mp'e ® : Unbalanced mass
Clamped 1,5,9,13 Clamped | 1,2,5,6,9,10,13,14 -

Sliding 1,5.9,13 Sliding | 2,4,6,8,10,12,14,16 Fig. 5. Example of a misaligned rotor.




1390
12040
10000 - ggms
Ti:: 3000 Qe
= -4/—_
P
anhn —
G Clems
4000 ——/_—
AT S —
1 " B 10 1z
1 ¢ 1w 1w W w10
K, (N-m)

Fig. 6. Influence of coupler stiffness on forward critical speeds.
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Fig. 9. Whirling orbits at different rotational speed for K in sensitive area.

that as K is between 0 and 0.25 X 10’N-m (soft area)
and the critical speeds are hardlychanged with K;. It
corresponds to a very soft coupler case so that the
critical speeds are basically dominated by the driving
part of the rotor. Similarly, as K; exceeds 0.376 X
10" N-m (rigid area), it corre sponds to an almost rigid
coupler and the combined rotor dominates the critical

speeds. When K] falls in the region of 0.25 X 10'N-m
< K, < 0.376 X 10""N-m (sensitive area), the critical
speeds are very sensitive to K; such that a slight
change of K; may result in significant change of criti-
cal speeds.

Fig. 7 shows the FRF of the rotor with three differ-
ent offset values. Cross-referencing Fig. 7 and Egs.
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Fig. 11. Whirling orbits at different rotational speed due to mutual effects of shaft misalignment and disk unbalance.

(35, 36) it is realized that the coupler stiffness affects
the rotor’s critical speeds and the offset acts like an
excitation. As seen, resonance occurs at each critical
speed and the FRF amplitude is proportional to the
offset value.

Next, the whirling orbit and dynamic misalignment
under different rotational speeds are investigated.
The 10" (A) and the 11" (B) points are the front and
the rear end of the misalignment. The parallel offset is
set at 8.0 X 10 m. First, the orbits of two ends with
K; in rigid, sensitive, and soft area are shown in Figs.
(8), (9) and (10), respectively. Three plots corre-
sponding to (a) QR <Q_, (b)) Q, <Q<Q, (c)
Q,,<Q<Q_,are shown. One can observe that the
whirling orbit varies with the rotational speeds as
expected. From Figs. 8 and 9, it is seen when the rota-
tional speed Q <Q  and Q  <Q <Q ,, both
driving (A) and driven (B) ends are forward synchro-
nous whirl, as shown in Figs. 8(a,b) and 9(a,b). At the
rotational speed of Q ,<Q<Q_ ., one sees that A
becomes backward whirl but B remains forward whirl,
as shown in Fig. 8(c) and Fig. 9(c). In Fig. 8, the dy-

namic offset basically retains the value e because of
rigid K, but not in Fig. 9. When K] falls in a soft area,
both driving (A) and driven (B) ends show forward
synchronous whirl at three regions, as shown in Fig.
10. The dynamic offset yet varies drastically with
rotational speed due to soft coupler stiffness. As to the
whirling orbits, it is a very complicated phenomenon.
Usually as the rotation exceeds one critical speed,
some parts of the rotor change their phase, i.e., from
forward to backward or vice versa, but to precisely
realize what parts change phase, a complete modal
testing needs to be conducted. Figs. 8-10 show that
the changing phenomena indeed do exist, serving as
partial check of rotor behavior, but the authors have
made no attempt to summarize any rule for this
changing phenomenon.

Finally, the combined effects of shaft misalignment
and disk unbalance are discussed. Fig. 11 shows the
whirling orbits of the system with just misalignment
(solid) and combined misalignment and unbalance
(dash), with e = 8.0 x 107 m, r,= 8.0 10” m. Three
plots corresponding to (a) Q < Q_  (b)
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Q.. <Q<Q  (c) Q,,<Q<Q_  are shown. From
Fig. 11(a), it is seen that at lower rotation speed,
shaft misalignment imposes more significant influ-
ence than the disk unbalance. The unbalance only
slightly changes the orbit orientation. With the in-
crease of rotational speeds, due to significant cen-
trifugal force generated by disk unbalance, the orbits

change in both orientation and magnitude.

4. Discussion and conclusions

The present research derived the transfer matrix for
shaft coupler with parallel misalignment. The transfer
matrices for rotating shaft, unbalanced disk, and oil-
filmed bearing were derived in this paper as well for
the integrity of TMM. The investigation reveals that
coupler stiffness affects the critical speeds and the
offset misalignment plays as an excitation. It is simi-
lar to the conclusion made by reference [15] that the
misalignment hardly changed the rotor’s critical
speeds. During the derivation of a rotating shaft trans-
fer matrix, the authors found that the boundary shears
in two perpendicular directions were coupled together
due to rotation. The coupling shears has the most
effect as the shaft was free at both ends and it might
drop the shaft’s first critical speed up to 50%.

TMM derivation and numerical results in the pre-
sent studies revealed that misalignment induced lat-
eral response of the same frequency as rotational
speed (1X) and that is unlike most of the researches
where multiple integer (nX) components were found.

Though reference [17] obtained similar results to
the present study, authors of that paper attributed the
absence of 2X components to no consideration of
non-linear effects of bearing and asymmetries of
shafts. We, however, believe that the reason of nx
components disappearing in our derivation is due to
the coupler’s torsional vibration not being considered.
The coupler will transmit torque in addition to lateral
and as long as the torsional flexibility of the coupler is
taken into account the driven shaft will fluctuate in
torsion such that it causes a non-constant rotation.
The non-constant speed in conjunction with the mis-
alignment and unbalance will consequently generate
cyclic forces and moment effects on lateral vibration.
It results in excitation of nXx frequencies of the rota-
tion speed as described in [13-15]. The authors are
aware of the effect and are conducting the TMM for
lateral and torsional vibration of a coupler.

Numerical results showed that the rotor’s critical

speeds varied with coupler’s stiffness (K;). Three
regions associated with K; were found. As K; was
soft the critical speeds depended mostly on the driv-
ing section, and as K; was rigid the critical speeds
depended on the whole set. As K; was in between, the
critical speeds became very sensitive to K;. The
whirling orbit across misalignment revealed that as
rotational speed exceeded certain critical speeds the
two ends of misalignment whirled asynchronously.
The combined effects of disk unbalance and shaft
misalignment showed that shaft misalignment im-
posed much greater effect than the disk unbalance at
most rotational speeds. That means the shaft mis-
alignment usually plays a dominating role. The effect
of disk unbalance will become significant as the rotor
runs at very high rotational speeds due centrifugal
forces.

Nomenclature

A : The cross-section area

e : Static offset

[ . The length of shaft

r - Dynamic offset

v, W : Displacements in Y and Z direction

1. . Polar moment of inertia

I,,1. : Transverse moment of inertia

K, : Bending stiffness of the coupler

K, : Linear stiffness of the coupler

My, M, Shaft’s bending moments

Vy, V, Shaft’s shear forces

c,.C.,

C\'Z > C:\' . . .
c Bearing’s damping coefficients

Cpp>Cop

CpprCho

k. k.,

kyz > k;‘.\' . . .

Bearing’s stiffness coefficients

kppskiyys

Kasskoo

{c} : Misalignment vector

[G1] G ] Shaft’s left side transfer matrix

[H1,[H] : Shaft’sright side transfer matrix

{S}* . Left side state vector

{S1* . Right side state vector

[T); : Transfer matrix of i-th segment

[T"],[T"] : Overall transfer matrix for

unbalance and misalignment
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[T.] . Transfer matrix of a rotating shaft

[7,] : Transfer matrix of an unbalanced
disk

(7] : Transfer matrix of an oil-filmed
bearing

{u;},{u,} : State vector of unbalance

0.0 :Angular displacements

$.,0 . Angular velocity in Y and Z direction
respectively

o Density of shaft

0, Deflection of the linear spring

v, : Phase relative to rotor’s reference
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Appendix
(7] =[] G (T1=1A] [G] (A1)
[H] o=
H, H, H, H, 0 0 0 0
H, H,, H, H, 0 0 0 0
H, H, H, H, 0 0 0 0
H, H, H, H,, H, H, H, H,
o 0 0 0 H, H, H, H,
0 0 0 0 H Hy H, Hg
o o0 o0 0 H, H, H, H,
\H, H,, H, H, H, H, H, H,
H, =cosh/ ; H,=sinhA4 ; H,=cos4,
H,, =sin/,
H,, =psinh 4 ; H,,=fcosh]
H,,=-p,sind, ;H,, =, cosi,
H, =EI_fcoshd ; H,,=EI_fsinh]
H,,=EI_f}sinhA ; H,, = EI_{;sin/,
H,, =-[ELB +p(0" +1,Q")p |sinh 4
H,, == ELB + p(.@" +1,Q")f |cosh
H,,=-[EIp} - p(I. +1,Q"), [sin,
Hoo= [ELA - pU0’ +1,0), Jeosh
H, = pQa(l, +1.)fsinh 4
H, = 0Qa(I, +1_)p cosh, (A2)

T

IS

7= _pQw(Iyy +1, )ﬂ4 sin 14

s =P, +1_)p, cosd,

s=coshA, ; H, =sinhA, ; H,, =cosA,
s =sinAHo o =—psinh A,

=
I

-~

T

o

S

H, = ~pB,coshA, ; H , = p,sini,
H=~p,cosA;;H,, =—EI f cosh,
H, =-EI f;sinh A ; H,, = EI f; cosi,

H, =El f;sin,

Hy, = pr(l . +1.)B sinh 4,

Hy, = pQw(f +1_)f cosh 4,

H,, =pQaxl,, +1.)f,sin 2,
Hy,=pQa(l, +1.)p,cos 4,
Hy,=-[EL B +p(I,0 +1.Q")p,]sinh 4
H,,=~[EI B+ p(l, o + 19", Jcosh 2,
Hy, ==[EL B} ~pU,0" +1.Q)p,]

H, = [Elwﬂf -p(,@ + IZZQZ),B4]cosﬂ4

sin/,

(A3)

(6] o

't 0 1 0 0 0 0 0 ]

O & 0 B 0 0 0 0

G, 0 G, 0 0 0 0 0

0 G, 0 G, 0 G, 0 G,
o 0o 0o o 1 0o 1 0

0 0 0 0 0 - 0 -8

0 0 0 0 G, 0 G, 0
0 G, 0 G, 0 G, 0 G,

j'l=1181’ ﬂz=lﬁz= ﬂs=lﬂ3a ﬂ4=lﬁ4

where elements of [G] and [H] are derivatives
of [G] and [H], differences among them are

o=—G,, |H,,=-H, |H, =-H,
:” =G H"’ = :“ T (A4)
. =-G,, |H,,=-H,, o =—H,,
5. =—G,, |H,=-H, |H,=-H,
G, =EIB}; G, =—ELp;
G,,=—ELf - p(.0" +1.Q"f,
G, =ELp - p(.0 +1,Q)p, (A5)
G, =pQa(l, +1.)p,
Gy =pQaw(l,, +1.)p5,
G, =-EI f3;G, =EI [
Gy, = QoI +1.)p,
Gy, = QoI +1.)p, (A6)
Gyo=—EL B, - p(1, 0" +1.Q")p,
Gy =EI B — p(I @ +1_Q%)
[7,]=
[ 0 00 0 0 0 0]
1 00 0 0 00
0 1o 1 0 0 -IaQ 00
-m@*> 0 0 1 0 0 00
0 0 00 1 00
0 0 00 0 1 00
0 —1aQ 00 0 —Ia& 10
0 0 00 -mo> 0 0 1]
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! 0
0 1
0k,
k, 0
[7;1] = 0 0
0 0
0 -C,0
_—Czyw 0
[0 0 0
0 0 0
0 Cuo 0
Co 0 0
[7;72]: 0 0 0
0 0 0
0 Kk, O
k, 0 0

[1,,], =
(1],

(755 =

[T, =
[Tlss=
[T, =

00 0 0 0 0]
00 0 00
10 Cyw 0 0
01 Cw 0 00
00 1 0 00
00 0 1 00
00 0 Kk, 10
00 Kk 0 0 1
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0 0 0 00
0 0 ky 00
0 k. 0 00
0 1 0 00
0 0 1 00
0 0 —Cy,w 00
0 Cw 0 00

—[TJ  besides [T, | 2= -7, 3]3,_2
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[Tl s
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~[Talas
[T,
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B
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L

,otherwise
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